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UNIVERSAL POLYNOMIALS FOR SINGULAR CURVES ON
SURFACES
JUN LI AND YU-JONG TZENG
Abstract. Let S be a complex smooth projective surface and L be a line bundle on S.
For any given collection of isolated topological or analytic singularity types, we show
the number of curves in the linear system |L| with prescribed singularities is a universal
polynomial of Chern numbers of L and S, assuming L is sufficiently ample. Moreover,
we define a generating series whose coefficients are these universal polynomials and
discuss its properties. This work is a generalization of Go¨ttsche’s conjecture to curves
with higher singularities.
1. Introduction
For a pair of a smooth projective surface and a line bundle (S,L), it is a classical
problem to find the number of r-nodal curves in a generic r-dimensional linear subsystem
of |L|. Go¨ttsche conjectured that for any r ≥ 0, there exists a universal polynomial Tr
of degree r, such that Tr(L
2, LKS , c1(S)
2, c2(S)) equals the number of r-nodal curves
in a general linear subsystem, provided that L is (5r − 1)-very ample. Moreover, the
generating series of Tr has a multiplicative structure and satisfies the Go¨ttsche-Yau-
Zaslow formula ([4], [19]). Recently, Go¨ttsche’s universality conjecture was proven by
the second named author [19] using degeneration methods, and a different proof was
given by Kool-Shende-Thomas [12] using BPS calculus and computation of tautological
integrals on Hilbert schemes (see also the approach of Liu [16] [17]). In this paper,
we address the question whether a similar phenomenon is true for curves with higher
singularities?
The goal of this article is to generalize Go¨ttsche’s universality conjecture to curves
with arbitrary isolated (analytic or topological) singularities. Consider a collection of
isolated singularity type α = (α1, α2, . . . , αl(α)). We say a curve C has singularity type
α if there exists l(α) points x1, x2,. . .xl(α), such that the singularity type of C at xi
are exactly αi and C has no more singular points. We prove the following theorem
concerning curves with singularity type α:
Theorem 1.1. For every collection of isolated singularity type α, there exists a universal
polynomial Tα(x, y, z, t) of degree l(α) with the following property: given a smooth pro-
jective surface S and an (N(α)+ 2)-very ample line bundle L on S, a general codim(α)-
dimensional sublinear system of |L| contains exactly Tα(L
2, LK, c1(S)
2, c2(S)) curves
with singularity type α.
For instance, there is a universal polynomial which counts curves with one triple point,
two E8 singularity, and one 5-fold point analytic equivalent to x
5 − y5 = 0.
To characterize the conditions of given singularity type, we study the locus of zero-
dimensional closed subschemes of a special shape on the surface. The shape is determined
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by the singularity type such that if a curve has a prescribed singularity then it must
contain a zero-dimensional closed subscheme of the corresponding shape; moreover, the
converse is true for generic curves. In the case of node, the locus is the collection of
subschemes isomorphic to C{x, y}/m2 because a curve C is singular at p if and only
if C contains Op/m
2
p. This technique was developed by [4] and [8] to show that the
enumeration of nodal curves can be achieved by computing certain intersection number
on Hilbert schemes of points. In this paper, we find a uniform way of defining such
correspondence from isolated singularity types to the punctual Hilbert schemes. As a
result, the number of curves with given singularity types can be expressed again as
intersection numbers on Hilbert schemes of points on S. Then we apply a degeneration
argument developed in [19] to show the existence of universal polynomials.
For example, the number of cuspidal curves can be computed in the following steps:
(1) If a curve C has a cusp at a point p, then we can choose local coordinates at
p such that C is defined by y2 − x3 = 0. Therefore C contains a subscheme
isomorphic to C{x, y}/〈y2 − x3〉 supported at p. But since we want a zero-
dimensional subscheme of finite length, we can quotient further by m4 because
m
4 will not affect the cuspidal condition.
(2) Define S0(cusp) to be all closed subschemes isomorphic to C{x, y}/〈y2 − x3,m4〉
in S[7], take S(cusp) to be the closure of S0(cusp) (with induced reduced struc-
ture). It is elementary to see that the dimensions of S0(cusp) and S(cusp) are
both 5.
(3) Since the locus of cuspidal curves is of codimension two in |L|, our goal is
computing the (finite) number of cuspidal curves in a general linear subsys-
tem V ∼= P2 ⊂ |L|. Suppose that L is sufficiently ample and let L[7] be the
tautological bundle of L in S[7], the number of cuspidal curves is equal to the
number of points of the locus cut out by the sections in H0(L[7]) induced by
V in S(cusp); when the intersection is discrete, this number is represented by
dcusp(S,L) :=
∫
S(cusp) c7−3+1(L
[7]) (by applying the Thom-Porteous Formula to
the locus where three general sections of L[7] are linearly dependent).
(4) The degree of the zero cycle dcusp(S,L) does not have contribution from nonre-
duced curves, curves with more than two singular points or with singularity worse
than cusp. Because if a curve in dcusp(S,L) is nonreduced or has more than two
singular points, then it must contain OS,p/〈y
2 − x3,mS,p
4〉 ∐ OS,q/m
2
S,q for some
points p 6= q in S. Similarly a curve in dcusp(S,L) with singularity worse than
cusp must contain C{x, y}/〈(y2 −x3)m,m4〉. Dimension count shows that this is
impossible for general V and sufficiently ample L.
(5) In the last step, we apply the degeneration technique developed in [19]. We
show dcusp(S,L) only depend on the class of [S,L] in the algebraic cobordism
group, which only depends on L2, LK, c1(S)
2 and c2(S). Hence dcusp(S,L) is a
polynomial in L2, LK, c1(S)
2 and c2(S) and is exactly the universal polynomial
we are looking for.
Our method does not provide a constructive way for computing the universal polyno-
mials. However, the multiplicative property of generating series (Theorem 3.1) imposes
strong restrictions on universal polynomials. In the end of Section 3, we discuss a few
known cases and the relation with the Thom polynomials. Moreover, we will discuss
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the irreducibility and smoothness of the locus of curves with fixed singularity type α in
Section 4.
Recently we realized that our method can be generalized to count singular hypersur-
faces and more objects in higher dimensional smooth varities. The result will appear in
a subsequent paper.
Acknowledgments. The first named author is partially supported by an NSF grant
NSF0601002 and the second named author is supported by the Simons Postdoctoral Fel-
lowship. The second named author would like to thank Professor Harris and Professor
Kleiman for useful conversations and Professor S.T. Yau for his support and encourage-
ments. We thank Vivek Shende for helpful discussion, especially the argument about
the irreducibility of Severi strata in Section 4.
2. The construction of dα(S,L)
In this section we construct a zero cycle dα(S,L) on Hilbert schemes of points on S,
and prove that this cycle can be used to count the number of curves with prescribed
singularity α in L. In order to construct the cycle, let us first recall some results in
singularity theory.
Let C{x, y} be the local ring of the origin on C2, f be a germ in C{x, y}, and the
Jacobian ideal 〈∂f∂x ,
∂f
∂y 〉 be J(f), then the Milnor number µ(f) and Tjurina number τ(f)
are defined as:
µ(f) = dimCC{x, y}/J(f); τ(f) = dimCC{x, y}/〈f + J(f)〉.
Two planar curves C1 and C2 have analytic equivalent singularities at the origin if
their defining germs f1 and f2 in C{x, y} are contact equivalent; i.e. there exists an
automorphism φ of C{x, y} and a unit u ∈ C{x, y} such that f = u · φ(g). We say
they have topological equivalent (or equisingular) singularities if the following equivalent
conditions are satisfied ([5]):
(1) there exists balls B1 and B2 with center 0 such that (B1, B1 ∩ C1, 0) is homeo-
morphic to (B2, B2 ∩ C2, 0),
(2) C1 and C2 have the same number of branches, Puiseux pairs of their branches
C1i and C2i coincide, and intersection multiplicities i(C1i, C1j) = i(C2i, C2j) for
any i, j.
(3) The systems of multiplicity sequences of an embedded resolution coincide.
It is easy to see that analytic equivalence implies topological equivalence. However,
the converse is true only for ADE singularities. The Milnor number is both analytic
and topological invariant (by a result of Milnor), while the Tjurina number is only an
analytic invariant. Therefore τ(α) and µ(α) are well-defined when they are invariants of
the singularity α.
Recall that the tangent space of the miniversal deformation space Def of the singular
curve C := {f = 0} at the origin can be naturally identified with C{x, y}/〈f+J(f)〉, and
its dimension is the Tjurina number τ(f). The dimension of the miniversal deformation
space also has an important geometric meaning: it is the expected codimension of the
locus of curves in a linear system with same analytic singularity α of C at the origin,
and is denoted by codim(α). Roughly speaking, codim(α) is the number of conditions
needed to have the singularity α. If α is a topological singularity type, then inside
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Def there is the equisingular locus ES, which parametrizes equisingular or topologically
trivial deformations. In this case, codim(α) is dimCC{x, y}/〈f + J(f)〉) − dimCES and
is also the expected codimension of curves with singularity α in a linear system.
A natural question is, in order to determine the singularity type of f = 0 at the origin,
is it sufficient to look at some lower degree terms of f? For example, does the curve
y2 = x3 + xy99 have a cusp because the lower degree terms of f is y2 = x3? The answer
is yes, provided if the terms being ignored are of sufficiently high degrees, according to
the finite-determinacy theorem:
Definition 2.1. We call a germ f to be (analytically) k-determined if f ≡ g (mod mk+1)
implies the curves f = 0 and g = 0 have analytic equivalent singularities at the origin.
Theorem 2.1 ([6], theorem 2.23). If f is (analytically) k-determined, then
m
k+1 ⊆ mJ(f) + 〈f〉.
Conversely, if
m
k ⊆ mJ(f) + 〈f〉,
then f is k-determined.
Corollary 2.2 ([6], corollary 2.24). For any germ f ∈ m ⊂ C{x, y}, f is τ(f)-determined.
Since all representatives of an analytical (resp. topological) singularity α are τ(α)-
determined (resp. µ(α)-determined), we can define k(α) to be the smallest k such that
all representatives of α are k-determined.
Definition 2.2. For any isolated planar (analytic or topological) singularity α, pick a
representative fα ∈ C{x, y} and let N(α) be the length of the zero-dimensional closed
subscheme ξα = C{x, y}/〈fα,m
k(α)+1〉.
It is easy to check that the number N(α) does not depend on the choice of fα.
Example 2.1. If α is a simple node, we can choose fα = xy. Then τ(α) = codim(α) = 1,
k(α) = 2, ξα = C{x, y}/〈xy,m
3〉 and N(α) = 5.
Example 2.2. If α is an ordinary cusp, we can choose fα = y
2 − x3. Then τ(α) =
codim(α) = 2, k(α) = 3, ξα = C{x, y}/〈y
2 − x3,m4〉 and N(α) = 7.
Example 2.3. If α is an analytical n-fold point which is defined by fα = x
n − yn,
then τ(α) = codim(α) = (n − 1)2 = dimCC[x
iyj], 0 ≤ i, j ≤ n − 2, k(α) = n, ξα =
C{x, y}/〈xn − yn,mn+1〉 and N(α) = (n+1)(n+2)2 − 1 =
n(n+1)
2 .
Example 2.4. If α is a topological n-fold point (n ≥ 3), we can choose fα = x
n − yn
again. Then τ(fα) = (n − 1)
2, codim(α) = (n − 1)2 − (n − 3) (because an analytic
isomorphism can only send three branches to x = 0, y = 0 and x = y, so dimCES = n−3,
corresponding to the slope of the rest n − 3 branches), k(α) = n, ξα = C{x, y}/〈x
n −
yn,mn+1〉 and N(α) = (n+1)(n+2)2 − 1 =
n(n+1)
2 .
Recall that if α = (α1, α2, . . . , αl(α)) is a collection of isolated planar (analytic or
topological) singularity types. A curve C has singularity type α if C is singular at
exactly l(α) distinct points {x1, x2, . . . , xl(α)} and the singularity type at xi is αi. Note we
consider the topological and analytic singularities defined by the same germ as different
singularities.
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Define
N(α) =
l(α)∑
i=1
N(αi), and codim(α) =
l(α)∑
i=1
codim(αi).
We comment that codim(α) is the expected codimension of the locus in |L| which
parametrizes curves with singularity types α. In Proposition 2.4, we will prove that
this locus is nonempty and of expected codimension if L is (N(α) + 2)-very ample.
For a smooth surface S, let S[N(α)] be the Hilbert scheme of N(α) points on S. Define
S0(α) ⊂ S[N(α)] to be the set of points
∐l(α)
i=1 ηi satisfying the following conditions:
(1) ηi’s are supported on distinct points of S;
(2) ηi is isomorphic to C{x, y}/〈gi,m
k(αi)+1〉, for a germ gi such that gi = 0 has
singularity type αi at the origin.
Consider the closure S(α) = S0(α) as a closed subscheme in S[N(α)]. For every n ∈ N,
let Zn ⊂ S × S
[n] be the universal closed subscheme with projections pn : Zn → S,
qn : Zn → S
[n]. If L is a line bundle on S, define L[n] = (qn)∗(pn)
∗L. Because qn is finite
and flat, L[n] is a vector bundle of rank n on S[n]. To count curves with singularity type
α, we use the cycle
dα(S,L) =
∫
S(α)
cN(α)−codim(α)(L
[N(α)]).
Lemma 2.3. The term dα(S,L) is a zero cycle; i.e. dim S(α) = N(α)− codim(α).
Proof. It suffices to prove that for every isolated singularity α, the dimension of S0(α)
is equal to N(α) − codim(α).
Suppose that α is an analytic singularity, by definition every closed subscheme in
S0(α) is only supported at one point on S. Define the projection p : S0(α) → S to be
the map sending a closed subscheme to its support, then the fiber over a point is the
collection of closed subschemes C{x, y}/〈g,mk(α)+1〉 supported at that point such that
g = 0 has singularity α. If we pick a representative f , all such g is in the orbit of f
under the group action by K = C{x, y}∗ ⋉ Aut(C{x, y}). Let orb(f) be the orbit of
f in C{x, y}/mk(α)+1 under the action of the restriction of K on the C{x, y}/mk(α)+1.
According to [5], orb(f) is smooth and its tangent space at f is
(m · J(f) + 〈f〉+mk(α)+1)/mk(α)+1.
But since C{x, y}/〈f,mk(α)+1〉 and C{x, y}/〈u · f,mk(α)+1〉 described the same closed
subscheme if u is a unit in C{x, y}/mk(α)+1−m(f) (where m(f) is the multiplicity of f
at the origin), orb(f)/(C{x, y}/mk(α)+1−m(f))∗ is isomorphic to the fiber of p over every
point on S.
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The discussion above and Theorem 2.1 imply
dimCS
0(α)
=2 + dimC(m · J(f) + 〈f〉+m
k(α)+1)/mk(α)+1 − dimCC{x, y}/m
k(α)+1−m(f)
=dimC(J(f) + 〈f〉)/m
k(α)+1 − dimCC{x, y}/m
k(α)+1−m(f)
=dimCC{x, y}/m
k(α)+1 − dimCC{x, y}/(J(f) + 〈f〉)− dimCC{x, y}/m
k(α)+1−m(f)
=
(
dimCC{x, y}/〈f,m
k(α)+1〉+ dimC〈f,m
k(α)+1〉/mk(α)+1
)
− codim(α)− dimCC{x, y}/m
k(α)+1−m(f)
=N(α) + dimCC{x, y}/m
k(α)+1−m(f) − codim(α)− dimCC{x, y}/m
k(α)+1−m(f)
=N(α)− codim(α).
If f = 0 defines an analytic singularity α and a topological singularity β at the
origin, it follows from definition that dimCS
0(β) = dimCS
0(β)+dimCES, N(α) = N(β),
and codim(β) = codim(α) − dimCES. Therefore the desired equality is established for
topological singularity types. 
Proposition 2.4. Assume L is (N(α) + 2)-very ample, then a general linear subsystem
V ⊂ |L| of dimension codim(α) contains precisely dα(S,L) curves whose singularity types
are α.
Proof. The structure of the proof is essentially the same as ([4], proposition 5.2). How-
ever, we have to make necessary generalization to deal with all singularity types.
Because L is N(α)-very ample, H0(L)→ L|ξ is surjective for every ξ ∈ S
[N(α)]. If {si}
is a basis of V , then {(qn)∗(pn)
∗si} are global sections in H
0(L[N(α)]). For general V ,
the cycle of the locus W where {(qn)∗(pn)
∗si} are linearly dependent on S(α) can be ex-
pressed as [W ] = dα(S,L) =
∫
S(α) cN(α)−codim(α)(L
[N(α)]) by the Thom-Porteous formula
and ([3], example 14.4.2). Applying the Thom-Porteous formula again to S(α)\S0(α),
we conclude that W only supports on S0(α). By an argument similar to ([4], proposition
5.2), W is smooth for general V . Therefore dα(S,L) is the number of curves in a general
V which contains a point in S0(α).
Next, we show curves in dα(S,L) can not have more than l(α) + 1 singular points.
Assume L is (N(α)+2)-very ample and suppose that there is a curve C in dα(S,L) with
l(α) + 1 singular points. Then C must contain a point in
S′(α) =


l(α)+1∐
i=1
ηi
∣∣∣∣∣∣
l(α)∐
i=1
ηi ∈ S
0(α) and ηl(α)+1 ∼= C{x, y}/m
2

 ⊂ S[N(α)+3].
Apply the Thom-Porteous formula to the closure of S′(α) and a dimension count proves
that there is no such curve in a general V ⊂ |L| of dimension codim(α). It also follows
that C must be reduced.
Finally, we prove that curves in dα(S,L) must have singularities type precisely α. A
curve C in dα(S,L) must contain a point
∐l(α)
i=1 ηi in S
0(α) and hence has singularity
“at least” αi at xi, where xi is the support of ηi. If the singularity type of C is not
α, without loss of generality we can assume the singularity type at x1 is not α1. Let
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η1 = C{x, y}/〈g1,m
k(α1)+1〉 and the germ of C at x1 be f . Since C contains η1, f ∈
〈g1,m
k(α1)+1〉 and thus f ≡ u · g1 (mod m
k(α1)+1). If u is a unit, then uf also defines
C and the finite determinacy theorem implies C must have singularity precisely α1 and
this is a contradiction. Otherwise, u is not a unit and f is in the ideal 〈g1m,m
k(α1)+1〉.
Let S˜0(α) be the set of C{x, y}/〈g1m,m
k(α1)+1〉 ∪
(∐l(α)
i=2 ηi
)
such that there exists η1 =
C{x, y}/〈g1,m
k(α1)+1〉 and
∐l(α)
i=1 ηi ∈ S
0(α). The natural map from S0(α) to S˜0(α),
which sends
∐l(α)
i=1 ηi to C{x, y}/〈g1m,m
k(α1)+1〉 ∪
(∐l(α)
i=2 ηi
)
, is surjective and therefore
dim S0(α) ≥ dim S˜0(α). Let S˜(α) be the closure of S˜0(α) in S[N(α)+1] and apply the
Thom-Porteous formula to S˜(α), we see C contributes a positive number in the counting∫
S˜(α) cN(α)+1−codim(α)(L
[N(α)+1])1. On the other hand, this count is zero by dimension
reason. It leads to a contradiction and this proves that C must have singularity type
precisely α. 
Remark. Kleiman pointed out to us that one can associate every topological singularity α
to a complete ideal Iα, such that a general element in Iα defines a curve with singularity
α. Therefore we can also associate α to C{x, y}/Iα in our approach. This may weaken
the ampleness condition needed in the Proposition 2.4 and in Theorem 3.2.
3. Main results
In this section, we prove the existence of universal polynomial Tα that counts the
number of curves of singularity type α in a sufficiently ample linear system. Moreover,
we construct the generating series containing all Tα and show this series has a very
special form and is multiplicative in L2, LK, c1(S)
2 and c2(S).
We assign a formal variable xα to every isolated singularity type α, and define xα =∏l(α)
i=1 xαi if α = (α1, α2, . . . , αl(α)). The multiplication xα′ ·xα′′ is equal to xα if and only
if α is the union of α′ and α′′. The multiplication is commutative because permutations
of αi does not change α.
Definition 3.1. For a line bundle L on S (L does not need to be ample), we put
dα(S,L) = 1 if α is the empty set (it corresponds to the number of smooth curves in
|L|). Define the generating series
T (S,L) =
∑
α
dα(S,L)xα.
Theorem 3.1. There exist universal power series A1, A2, A3, A4 in Q[[xα]] such that
the generating function T (S,L) has the form
T (S,L) = AL
2
1 A
LKS
2 A
c1(S)2
3 A
c2(S)
4 .(3.1)
Proof. The ingredients of the proof are algebraic cobordism of pairs of smooth schemes
and vector bundles, and degeneration of Quot schemes, see [13], [14] and [15]. We only
need to use the special case for pairs of surfaces and line bundles and degeneration of
1It can be checked that g1 is never contained in m
k(α)+1. So the length of C{x, y}/〈g1m,m
k(α1)+1〉 is
the length of C{x, y}/〈g1,m
k(α1)+1〉 −1.
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Hilbert schemes of points. The theories in this special case are summarized in Sections
2 and 3 of [19].
Let [Xi, Li] be pairs of surfaces and line bundles. Suppose
[X0, L1] = [X1, L1] + [X2, L2]− [X3, L3]
is the double point relation obtained from a flat morphism π : X → P1 and a line bundle
L on X . That means X is a smooth 3-fold, X0 is the smooth fiber over 0 and the
fiber over ∞ is X1 ∪X2, intersecting transversally along a smooth divisor D. Moreover,
X3 = P(OD ⊕NX1/D)
∼= P(NX2/D ⊕OD) is a P
1 bundle over D, Li = L|Xi for i = 0, 1, 2
and L3 is the pullback of L|D to X3. The algebraic cobordism group of pairs of surfaces
and line bundles ω2,1 is defined to be the formal sum of all pairs modulo double point
relations. The class of [S,L] in ω2,1 is uniquely determined by all Chern numbers of L
and S; i.e. L2, LK, c1(S)
2 and c2(S) ([13], [19]).
For every double point relation induced by π : X → P1, Li and Wu [15] proves that
there exists a family of Hilbert schemes X [n] over an open subset2 U of P1 such that the
fiber of 0 ∈ U is X0
[n], and the fiber of ∞ is the union of products of relative Hilbert
schemes
n⋃
k=0
(X1/D)
[k] × (X2/D)
[n−k].
The line bundle L on X induces a vector bundle L[n] on X [n] by pulling L back to the
universal closed subscheme, and then pushing it forward to X [n]. The restriction of L[n]
on the fiber X0
[n] is L0
[n], and on (X1/D)
[k] × (X2/D)
[n−k] is L1
[k] ⊕ L2
[n−k].
Notation. Xi(α), (Xi/D)(α), dα(Xi, Li) and dα(Xi/D,Li) are defined in a similar way
to S(α) and dα(S,L) on (Xi, Li) and (Xi/D,Li) .
Claim. There is a family of closed subschemes X (α) ⊂ X [N(α)] such that
X (α) ∩X
[N(α)]
0 = X0(α),
X (α) ∩
(
(X1/D)
[m] × (X2/D)
[N(α)−m]
)
=
⋃
(X1/D)(α1)× (X2/D)(α2)
where the sum is over all α1 and α2 satisfying α = α1 ∪ α2, N(α1) = m, N(α2) =
N(α)−m. Furthermore, X (α) is flat over U via the composition X (α) →֒ X [N(α)] → U .
proof of claim. Let X 0(α) be the union of all Xt(α), for all smooth fibers Xt over t ∈ U .
Define X (α) to be the closure of X 0(α) in X [N(α)]. The properties of X (α) can be proved
by using a similar argument as in ([19], lemma 3.8). 
The restrictions of the flat 1-cycle
∫
X (α) cN(α)−codim(α)(L
[N(α)]) on fibers over 0 and∞
are 0-cycles of the same degree, which implies
dα(X0, L0) =
∑
α=α1∪α2
dα1(X1/D,L1)dα2(X2/D,L2) and
T (X0, L0) = T (X1/D,L1)T (X2/D,L2).(3.2)
2We choose 0, ∞ ∈ U ⊆ P1 to avoid possible singular fibers of X → P1 other than ∞.
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To derive a relation of generating series without relative series, we apply (3.2) to four
families: X , the blowup of X1 × P
1 along D × {∞}, the blowup of X2 × P
1 along
D × {∞}, the blowup of X3 × P
1 along D × {∞}, and multiplicity all equalities. Thus
we can conclude a double point relation
[X0, L1] = [X1, L1] + [X2, L2]− [X3, L3] implies
T (X0, L0) =
T (X1, L1)T (X2, L2)
T (X3, L3)
,(3.3)
and thus T induces a homomorphism from the algebraic cobordism group ω2,1 to C[[xα]].
Then (3.1) is proved by using the fact that the algebraic cobordism group ω2,1 is isomor-
phic to Q4 by the morphism [S,L] to (L2, LK, c1(S)
2, c2(S)) ([13], [19]). 
Theorem 3.2. For every collection of isolated singularity type α, there exists a universal
polynomial Tα(x, y, z, t) of degree l(α) with the following property: given a smooth pro-
jective surface S and an (N(α)+ 2)-very ample line bundle L on S, a general codim(α)-
dimensional sublinear system of |L| contains exactly Tα(L
2, LK, c1(S)
2, c2(S)) curves
with singularity type precisely α.
Proof. We compare the coefficient of xα in (3.1). The coefficient of xα in T (S,L) is
dα(S,L); on the right hand the coefficient of xα can be computed by binomial ex-
pansion (note L2, LK, c1(S)
2 and c2(S) are integers) and it is a polynomial of de-
gree l(α). Therefore dα(S,L) is always a universal polynomial of L
2, LK, c1(S)
2 and
c2(S). Moreover, Proposition 2.4 implies that dα(S,L) is the universal polynomial
Tα(L
2, LK, c1(S)
2, c2(S)) counting the number of curves with singularity type α. 
Although we can prove the existence of universal polynomial Tα by identifying it with
dα(S,L), it is very difficult to compute the degree of dα(S,L) directly. Here are some
cases where the universal polynomials are known:
• If α is r-nodes for any r ∈ N, all coefficients of the universal polynomial can be
determined by combining any two of [1], [2] and [21], or by [12]. The explicit
formula for r ≤ 8 was proved and listed in [11] and [20].
• Kleiman and Piene ([11]) also computed Tα in many cases when the codimension
is low, such as α = (D4, A1), (D4, A1, A1), (D4, A1, A1), (D4, A1, A1, A1), (D6),
(D6, A1) and (E7).
• When there is only one singular point, Kerner [10] found an algorithm to enu-
merate the number of plane curves with one fixed topological type singularity,
provided that the normal form is known.
• In general, let N be a general Pcodim(α) in |L| andM be the singular locus of fibers
of the universal curve over N . We believe the universal polynomial of α should
be equal to the Thom polynomial of the multisingularity α applied to M → N
([9], section 10). However, we do not know how to establish this fact because of
the lack of proof of the Thom polynomials by algebro-geometric methods.
Another possible way to compute universal polynomials and the generating series is
to write
T (S,L) =
∑
α
aα(L
2, LK, c1(S)
2, c2(S))xα
#Aut(α)
.
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By Theorem 3.1, it is easy to see that aα’s are linear polynomials in L
2, LK, c1(S)
2 and
c2(S) for all α. These aα are computed in [9] and [11] for low codimensional α. Since
every aα has only four terms and they determine Tα, it might be easier to compute aα’s
directly. When α is r nodes and r ≤ 8, aα was realized as algebraic cycles in [18].
4. Irreducibility of Severi strata of singular curves
The locus of reduced and irreducible degree d plane curves with r nodes is a locally
closed subset in |O(d)| on P2. Its closure is called the Severi varieties and has been
studies extensively. Especially, it is well known that the Severi varieties are irreducible
for every d and r [7]. In this section we will generalize the irreducibility theorem to
curves with analytic singularities in the linear system of a sufficiently ample line bundle.
Theorem 4.1. Let α = (α1, α2, . . . , αl(α)) be a collection of analytic singularity types,
S be a complex smooth projective surface and L be an (N(α)+2)-very ample line bundle
on S. Define V
d,α
0 (S,L) to be the locally closed subset of |L| parametrizing curves with
singularity type exactly α in |L|, and V d,α(S,L) to be the closure of V
d,α
0 (S,L). Then
V
d,α
0 (S,L) is smooth, V
d,α(S,L) is irreducible, and their codimensions in |L| are both
codim(α) =
∑l(α)
i=1 τ(αi).
Proof. Let C be the universal family of curves in |L| with projection C → |L|, and let C[n]
be the relative Hilbert scheme of n points of the family. There are natural projections
from C[n] to S[n] and from C[n] to |L|.
Consider the following commutative diagram:
|L| C[N(α)]oo // S[N(α)]
V d,α(S,L)
OO
Σ0
ee▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
//
OO
S0(α)
OO
The right part of the diagram is Cartesian; i.e. Σ0 is defined to be C
[N(α)] ×
S[N(α)]
S0(α)
and therefore is the union of {ξ × C | ξ ∈ S0(α), C is a curve in |L|, ξ ⊂ C}.
If L is (N(α) − 1)-very ample, fibers of C[N(α)] → S[N(α)] are all projective spaces of
constant dimension, so Σ0 → S
0(α) is a projective bundle. Because S0(α) is smooth and
connected [5], Σ0 is also smooth connected and thus irreducible.
The image Im(Σ0)⊂ |L| is the collection of curves which contain closed subschemes in
S0(α). If a curve has singularity type α, it belongs to Im(Σ0), which implies V
d,α
0 (S,L) ⊂
Im(Σ0) and V
d,α(S,L) ⊂ Im(Σ0). The complement of V
d,α
0 (S,L) in Im(Σ0) are curves
that contain closed subschemes in S0(α) but do not have singularity type α. In the proof
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of Proposition 2.4, we showed that these curve must contain closed subschemes in
S˜0(α) =

C{x, y}/〈g1m,mk(α1)+1〉 ∪

l(α)∐
i=2
ηi



 ⊂ S[N(α)+1],
S′(α) =


l(α)+1∐
i=1
ηi
∣∣∣∣∣∣
l(α)∐
i=1
ηi ∈ S
0(α) and ηl(α)+1 ∼= C{x, y}/m
2

 ⊂ S[N(α)+3],
or finite subsets of S[N(α)+1] similar to S˜0(α) if the singularity at xi is not αi. Simple
calculation shows that the complement of V
d,α
0 (S,L) in Im(Σ0) has dimension strictly
less than dimV
d,α
0 (S,L). It follows that V
d,α
0 (S,L) is dense in Im(Σ0) and its clo-
sure V d,α(S,L) is dense in Im(Σ0). Since Im(Σ0) is irreducible, so is Im(Σ0), there-
fore V d,α(S,L) must be the only irreducible component of Im(Σ0). We conclude that
V d,α(S,L) = Im(Σ0) is irreducible.
Next, we prove V
d,α
0 (S,L) is smooth and of codimension codim(α). Let s ∈ |L|
define a curve C with singularity type α. The germ of |L| at s maps to the miniversal
deformation space Def of the singularities of C. The corresponding map of tangent spaces
Ts|L| = H
0(L)/〈s〉 → H0(L⊗OC/J) is onto if h
0(L⊗OC/J) =
∑l(α)
i=1 τ(αi) ≤ N(α)+3,
because L is (N(α + 2)-very ample. For every α ∈ α, let fα be a germ that defines
α at the origin. Since fα is (analytically) k(α)-determined, m
k(α)+1 ⊆ mJ(fα) + 〈fα〉
(Theorem 2.1). Therefore,
τ(α) =dimC C{x, y}/〈fα, J(fα)〉 ≤ dimC C{x, y}/〈fα,mJ(fα)〉
≤ dimC C{x, y}/〈fα,m
k(α)+1〉 = N(α) < N(α) + 3.
Therefore the map to miniversal deformation space is a smooth map and thus V
d,α
0 (S,L)
is smooth and of codimension codim(α) =
∑l(α)
i=1 τ(αi) in |L|. 
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